In this paper, firstly, we consider the regularity of solutions in H i ([0, 1]) (i = 2, 4) to the 1D Navier-Stokes-Poisson equations with density-dependent viscosity and the initial density that is connected to vacuum with discontinuities, and the viscosity coefficient is proportional to ρ θ with 0 < θ < 1. Furthermore, we get the asymptotic behavior of the solutions when the viscosity coefficient is a constant. This is a continuation of [S.J. Ding, H.Y. Wen, L. Yao, C.J. Zhu, Global solutions to one-dimensional compressible Navier-StokesPoisson equations with density-dependent viscosity, J. Math. Phys. 50 (2009) μ(ρ) = ρ θ , 0 < θ < 1 and μ = constant have been established.
Introduction
Physically, the Navier-Stokes-Poisson equations describe the motion of compressible viscous isentropic gas flow under the self-gravitational force. We consider the 1D equations for isentropic flows with density-dependent viscosity in Eulerian coordinates: u t + P (ρ) x + ρΦ x = μ(ρ)ρu x x , (1.8) ρ(ρΦ x ) x = 4π g ρ − , (x, t) ∈ (0, 1) × (0, ∞), (1.9) ρ(ρΦ x ) x = 4π gρ, (x, t) ∈ (0, 1) × (0, ∞), (1.9) with initial data ( 1.11) where P (ρ) = Aρ γ , μ(ρ) = cρ θ , θ > 0, γ > 1. The boundary conditions (1.11) are essentially derived using the RankineHugoniot condition (see [17] for details), and they mean that on the free boundaries the stress vanishes and the density connects with vacuum via a discontinuity. Liu et al. [17] also remarked the viscosity is not constant but depends on the temperature. For isentropic flows, this dependence is translated into the dependence of the viscosity.
In the rest of this paper, we assume A = 1 and c = 1 without loss of generality.
When there is no Newtonian gravitational potential term, it is Navier-Stokes equations with density-dependent viscosity. There are many important results on Navier-Stokes equations before. We just review some relative works. When the viscosity coefficient μ is a constant, there is no continuous dependence on the initial data to the Navier-Stokes equations with vacuum, see [12] . This leads to the study on the initial boundary value problem instead of initial value problem; furthermore, the free boundary problem if the one-dimensional viscous gas expending into the vacuum has been studied by many people, see [19, 28, 29] and reference therein. A further understanding of the regularity and behavior of solutions near the interfaces between the gas and vacuum was given in [18] .
On the other hand, when viscosity coefficient μ is dependent of density ρ, there are also many important works. When the initial density connects to vacuum with continuities, the local existence of solutions was proved in [31] , while the global existence was shown in [32] for 0 < θ < 2/9, and improved later in [25] for 0 < θ < 1/3, in [9] for 0 < θ < 1. Recently, Guo and Zhu [10] obtained the global existence of weak solutions for 1/2 < θ < max {3 − γ , 3/2} and a stabilization rate estimate for the density as t → ∞ for any θ > 0, where boundary conditions ρ(0, t) = ρ(1, t) = 0 were considered. For no-slip boundary conditions u(0, t) = u(1, t) = 0, Li et al. recently discussed some interesting phenomena, such as the vanishing of vacuum and the blow-up of solutions in [15] . When initial density connects to vacuum with discontinuities, Jiang [13] considered the global existence of smooth solutions for the case 0 < θ < 1/4, Okada [19] for weak solution when 0 < θ < 1/3, Yang et al. [30] for 0 < θ < 1/2, Jiang et al. [14] for 0 < θ < 1 and Qin et al. [21] for 0 < θ 1. Recently, Guo, Jiang and Xie [11] extend those results to the case 0 < θ < max {3 − γ , 3/2} through constructing an approximate system and using compact theory. In addition, Qin and Yao [20] considered the nonisentropic case and Fang and Zhang [9] studied the general pressure case.
In terms of the Navier-Stokes-Poisson equations, there are few results, especially about the density-dependent viscosity.
When μ is a constant, the authors in [24] and [33] gave some results for fixed boundaries. For more works about NavierStokes-Poisson equations, such as global existence of small disturbance solution, pointwise estimates and limit problem for the Cauchy problem, etc., please see [1, 5, 8, 16, 26, 27 ] and references therein. There is also important progress recently on the existence of local and global weak solutions (re-normalized solution), one can refer to [4, 6, 7] . By the way, if there is no viscosity, i.e., the Euler-Poisson equations, we mention the paper [2] and references therein. Solonnikov [23] first studied the free boundary problem of the system (1.1)-(1.3). Very recently, Ding et al. [3] gave the global existence of weak solution in H 1 ([0, 1]) for system (1.1)-(1.3) with free boundary and the initial density that is connected to vacuum with discontinuities, when the viscosity coefficient is μ(ρ) = ρ θ , 0 < θ < 1 or μ is a positive constant. This paper is a continuation of Ding et al. [3] . First, we consider the regularity of the weak solution of both 1D NavierStokes-Poisson system (1.1)-(1.3) and system (1.1)-(1.2)-(1.3) with free boundary and density-dependent viscosity. In order to obtain the higher order regularity of the solution, we should do many complex estimates on higher order derivations of the solutions. Furthermore, because of the appearance of the self-gravitational force, we need some more delicate calculations. Since the density ρ has uniform positive lower and upper bounds, we can obtain the classical solution under certain assumptions imposed on the initial data by deriving some new a priori estimates as those in Qin et al. [22] . In addition, by constructing a station solution of the system (1.1)-(1.2)-(1.3) , and having some uniform estimate with respect to time t, we get the asymptotic behavior of the density for the system (1.1)-(1.2)-(1.3) when the viscosity coefficient is a constant. It is different to that in [28] , where authors consider the Navier-Stokes equations with an external gravity force, and the initial density that is connected to vacuum with continuities. And it is the reason why we only obtain the asymptotic behavior of the density in this paper.
The rest of this paper is organized as follows. In Section 2 we state the main results. In Section 3 we derive a priori estimates and prove the regularity results. The asymptotic behavior of solution for the system (1.1)-(1.2)-(1.3) is proved in Section 4.
Main results
We need the following assumptions on the initial data and the constant θ .
where conditions (A1) and (A2) are the same to those in Ding et al. [3] , and (A3)-(A4) is used to improve the regularity of the weak solution in [3] . 
where i = 2, 4.
The main results in this paper read as follows: 
Remark 2.1. From the proof in Section 3, we know that the H j -regularity ( j 2) of solutions can be obtained if giving some suitable initial data.
Remark 2.2.
When the self-gravitating force Φ satisfies (1.3) , i.e.,
after the Lagrange transform, we have
and
which also implies ρΦ x L ∞ (x,t) C . Thus using the same method as that of [3] and Theorems 2.1 and 2.2 in this paper,
we can obtain the global existence and regularity of the solutions for the system (1.
Furthermore, when the viscosity coefficient is a constant, we have the following results of asymptotic behavior.
Theorem 2.3. Assume the initial data satisfies
, and the viscosity coefficient is a constant, the solution density ρ of the system (1.
10)
where P −1 means the inverse function of the pressure P .
Proof of the regularity results
In this section, we complete the proofs of the regularity results by a series of lemmas on some a priori estimates. We just consider the system (1.1)-(1.3), since it is almost the same to the system (1.1)-(1.2)-(1.3) .
Remark 3.1. In the following lemmas, we frequently use the expression of ρΦ x as follows:
By virtue of (2.1) and (3.1), we know |||Φ x ||| ∼ |||ρ|||, 
(3.10)
Integrating (3.10) with respect to t, applying the interpolation inequality, we have
Then, from Eq. (1.8), we get
We derive from assumption (A3) 
(3.14)
From Young's inequality and Sobolev's Theorem W 1,1 → L ∞ , and Lemma 3.1, we obtain Lastly, using the embedding theorem, we derive from (3.16) 
which gives 
where we have used
Integrating (3.21) with respect to t over [0, t], using Lemmas 3.1-3.2 again, the interpolation inequality and Young's inequality, we get 
(3.23)
Integrating
The proof is complete. 2
Proof of Theorem 2.1. Recalling (3.1), we have
By direct calculation, and from Lemmas 3.1-3.3, we get (3.27) and u xxx 
where we have used 
(3.35)
Here the term (ρΦ x ) tt can be controlled as follows:
by a direct calculation, and from Eq. (1.7), Lemma 3.1 and (3.27) we obtain
Integrating (3.35) with respect to t, applying condition (A3) and (3.24), we get u tt 
which together with Lemmas 3.1-3.4 yields
(3.39)
On the other hand, differentiating Eq. (1.8) with respect to x and t, and using Lemmas 3.1-3.4 again, we have u txxx In terms of I 2 , we have 
(3.47)
Differentiating (3.47) with respect to x, we have
By a direct calculation and using interpolation inequality and Lemmas 3.1-3.5 we have 
(3.51)
Integrating the above inequality with respect to t, using Lemmas 3.1-3.5 and condition (A4), we have ρ xxx 
Using the same method as the proof of J , we can obtain 
(3.62)
Then integrating (3.62) with respect to t, using (A4) and (3.61), we find Then differentiating Eq. (1.8) with respect to x three times, from Lemmas 3.1-3.5, and the interpolation inequality, we get Lastly, combining with Lemmas 3.4-3.5, (3.40), (3.57), (3.60) and the Sobolev inequality, we have Proof. From Eq. (1.7), we have 
and we have
By direct calculation, and from Lemma 3.7, we get
Up to now, from Lemmas 3.1-3.8, we complete the proof of Theorem 2.2. Then, by the Sobolev embedding theorem, we immediately get Corollary 2.1 from Theorem 2.2.
Asymptotic behavior
In this section, we consider the asymptotic behavior of solution for Navier-Stokes-Poisson equations when the viscosity coefficient is a constant and the background density is zero. The global existence and uniqueness of solutions can be proved as in Ding et al. [3] . Next, we mainly consider the asymptotic behavior of the solution.
First, integrating Eq. (1.8) and using the boundary conditions, we have u dx, we can transform the system (1.7)-(1.11) into the following form:
2)
with initial data
and the boundary conditions
For simplicity, we also denote 4π g by g without confusion.
It is easy to verify (ρ,ṽ) = (P −1 (
Then the problem (4.2)-(4.3) is transformed:
(4.9)
Because we only consider the viscosity coefficient is a constant, so we let μ = 1 without loss of generality.
Using the same method as that in [28] , we have the following essential energy estimates.
Lemma 4.1. Basic energy estimates:
10)
where E 0 is a positive constant, and y = qP −1 ( 
Proof. Integrating (4.7) with respect to x over (0, x), we have
Integrating the equality above with respect to t over [0, t], we have
. By Lemma 4.3 and Cauchy's inequality, there exist two positive constant
(4.12)
We only prove q(x, t) min(1, M 1 q 0 ), (4.13) since the upper bound can be treated similarly.
If q 1, it is obvious that (4.13) holds.
Otherwise, if q 1, by P 0, it follows
which together with (4.12) imply
This proves (4.13), thus the proof of Lemma 4.2 is complete. 2
The proof of the next lemma is similar to Lemma 4.5 in [28] , so we omit the details. 
xt dx ds C , (4.14) provided (P (q 0 P −1 ( 
P qP
By assumption on initial data, we have 
Integrating (4.7) with respect to x over (0, x) and using Lemmas 4.2 and 4.3, we have
Then by Lemma 4.1 we have
x dx ds
x dx ds C , (4.22) and Proof. We shall show the convergence of q(x, t) by using the representation of q(x, t). First, denote h(x, t) = exp( 1] q(x, t) = 1.
Thus, we complete the proof of Theorem 4.1. 2
Remark 4.1. We just obtain the asymptotic behavior of the density. On the other hand, because the boundary condition with respect to v is nonhomogeneous, we cannot obtain the asymptotic behavior of the velocity as that in [28] , where the initial density is connected to vacuum with continuities.
Remark 4.2.
In the future, we will study the global existence and asymptotic behavior of the weak solution of 1D NavierStokes-Poisson system with free boundary, when the initial density is connected to vacuum with continuities.
